This integration by parts formula can be used to extend the formulas in the work by Bally and Talay to include delay SDE's as well as ordinary SDE's.
I. Introduction
In Chapter 1 of the Ph.D. thesis of Ahmed [15] we have proved the existence and uniqueness of a solution for certain types of delay (functional) stochastic differential equations (delay SDE's) with discontinuous initial data,see also [1] , [9] and the web cite www.sfde.math.siu.edu. See the delay SDE (1.1) in the present work. In [18] we have established integration by parts formula involving Mallivan derivatives of solutions to such type of delay (functional) SDE's. The integration by parts formula which we establish can be used to extend the formulas in [2] and [3] and to include delay SDE's as well as ordinary SDE's. In this work we also establish some other useful applications to delay SDE's. Generally speaking we can say that our work extends the first three chapters of the work by Norris to include delay SDE's as well as ordinary SDE's; see Theorems 2.3, 3.1 and 3.2 in [10] . In a sequal paper we will show that that the distribution of the solution process has smooth densities. Moreover we will establish integration by part formula involving Malliavin derivatives of higher order.
Notations And Definitions
The following notations and definitions will be used throughout this work: ( , ℱ, ℙ) is a probability space; is a positive real number; {ℱ } ∈[0, ] is an increasing family of sub-algebras of ℱ, each of which contains all null subsets of ; ℕ is the set of natural numbers; = 1 , … , : [0, ] × → ℝ is adimensional normalized Brownian motion. If is a topological space, then ℬ( ) denotes its Borel field. The symbol refers to the Lebesgue measure on ℝ , and | ⋅ | denotes the Euclidean norm on ℝ , ∈ ℕ. Let be a Banach space and let be a sub-algebra of ℱ containing all subsets of measure zero in ℱ, then ℒ 2 ( , , ℙ; ) denotes the space of all functions : → which are -ℬ( ) measurable and are such that 2 ℙ < ∞. 
, the process ( ,⋅) is ℱ -ℬ(ℝ ) measurable, and for each ∈ , the process The following conditions are sufficient for the existence of a unique solution to (1.1) (see [1] and [15] ). 
for all ∈ [0, ]; for all , ∈ ℝ , and for all 1 , 2 ∈ ℒ 2 ( , ℝ ).
II. Integration By Parts Formula
In the beginning of this section we recall the following eight basic numbered equations and definitions, See (16) After giving a brief introduction to our work, we are now ready to continue the work that we have started in (16) .
Here, and in the sequel, we write ( ) and ℓ ( ) instead of , , ( 
Here we used the fact that 1 , ( , ) is given by
Then we differentiate equation (2.13) with respect to to obtain a delay SDE for the process 1 ( ) = 
We need to mention that the integration by parts formula in [18] can be used to extend the formulas in [2] to include delay SDE's as well as ordinary SDE's. For this purpose we need to use the integration by parts formula in [18] where 1 = 2 = ⋯ = +1 . See the proof of the following Theorem 3. We also need the following definition. ( +1) ( ) . which is row vector of length . We shall prove this theorem by induction on the non-negative integers = 0, 1, 2, …. Proof: We first observe that the formula in (2.10) in [18] with ( ) ( ) replacing the pair ( ), , and +1 replacing the vector , implies 
Hence we can rewrite equation ([int.formula 3]) in the following form: III. Remarks
1.
All the results which we have established in this work can be extended by replacing the Brownian motion by another process : [0, ] × → , ( ∈ ) which is a continuous martingale adapted to {ℱ } ∈[0, ] and has independent increments and satisfies with some constant the inequalities | ( ) − ( )ℱ | ≤ ( − ) and (| ( ) − ( )| 2 ℱ ≤ ( − )for 0 ≤ ≤ ≤ . Observe that the above properties of which we have just mentioned are the only properties of which we have used (in case of Brownian motion) to prove the results which we have obtained in this work.See [1] , [15] , [16] , [17] , [18] , and [19] .
2.
All the lemmas and theorems in this work hold for any delay interval ′ = [− , 0) ( ≥ 0) inplace of = [−1,0). See [1] , [15] , [16] , [17] , [18] , and [19] .
